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Abstract. Certain orbits of area preserving maps of the plane appear to wander 
randomly and to densely fill regions of the plane having positive Lebesgue measure. 
These regions are called ergodic zones. Trellises (or homoclinic tangles) embedded 
within these zones are shown to guide the transport of ensembles of points. Trellises or 
tangles can be localized within what are called resonance zones. Transport through 
resonance zones is calculated using the MacKay-Meiss-Percival action principle. 

AMS classification scheme numbers: 58Fo5,58F13 

1. Introduction 

Numerical simulations of area preserving maps of the plane reveal the presence of 
invariant curves and ergodic zones. The presence of invariant curves is predicted by 
the KAM theorem. Ergodic zones are populated by orbits which appear to wander 
randomly in some region possibly bounded by invariant curves. One way to generate 
an ergodic zone is to plot an orbit which starts near an unstable fixed point. Often 
the orbit will seem to be distributed densely throughout a region having positive 
area. This region is then called an ergodic zone. Of course an orbit generated by 
computer simulation is not likely to be a true orbit of the map and further, since 
only finitely many points are plotted one can only speculate what set the closure of 
this orbit might be. 

Hidden inside ergodic zones are structures called trellises which guide the 
transport of ensembles of points. According to PoincarC [5] a trellis is the figure 
formed by the stable and unstable manifolds of a saddle point. More generally, a 
trellis is the figure formed by the stable and unstable manifolds of a collection of 
hyperbolic periodic points. Trellis structure is not revealed by the common 
numerical experiment which plots many points on an orbit. Rather, one must find 
and plot segments of stable and unstable manifolds. A basis for the systematic study 
of trellises is found in [3]. 

PoincarC observed that these manifolds weave across one another forming a grid 
which partitions the plane. The geometry and combinatorics of the trellis then 
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584 R W Easton 

determine how ensembles of points are transported. The action principle of 
MacKay, Meiss and Percival [4] can be used to compute areas of pieces of the grid. 
Thus knowledge of trellis geometry together with area computations will form the 
basis for an analysis of ergodic zones. 

The MacKay-Meiss-Percival action principle is reformulated and developed in 
section one. In section two resonance zones and their exit time decompositions are 
defined and investigated. An example is discussed which illustrates how 
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Lemma 2.1. Suppose that the curve y is a piece of the stable manifold of some 
saddle point. Then 

n-m 

Proof. Since the range of y is a segment of the stable manifold of a saddle point, 
there is a positive constant K such that the arc length of the curve f" 0 y is bounded 
by KA" where 0 < A < 1 < p are the eigenvalues of the saddle point. J J f n o y p  dqJ is 
bounded by a constant times the arc length of f "  0 y .  Thus (a" $f"oyp dqJ S dA"C 
for a positive constant C. Since f has Jacobian 
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Rearranging the sum gives 

dp A dq = 
m 

d[F(bj) - F(ai)], I, j=--m 

In general suppose that D is a disc bounded by alternating segments of stable 
and unstable manifold. Suppose that the endpoints of these segments are indexed 
a', a', . . . , ah (with ah = ao) in a counterclockwise order around the boundary of 
D. Suppose that the segment joining a0 and u1 is contained in a stable manifold. 
Then by the preceding argument 

m m-1 

dp A dq = dq 
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A resonance zone is a closed subset of the plane which is bounded by alternating 
initial segments of stable and unstable manifolds of hyperbolic periodic points. 
These segments are required to intersect only at their endpoints. 

The area preserving Henon map H ( x ,  y )  = ( y ,  1.8 - x - y') was used to generate 
the resonance zone pictured in figure 1. H has a saddle point p whose stable and 
unstable manifolds intersect transversally at the homoclinic point b. The 
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Proposition. Discontinuity points of t+  occur on R-stable manifolds. Similarly, 
discontinuity points of t -  occur on R-unstable manifolds. Hence the internal trellis 
of the resonance zone partitions the zone into its exit time decomposition. 

Proof. For simplicity the proof will be given for the resonance zone pictured in 
figure 1, but it can be generalized to any resonance zone. Let x E R. Since iterates of 
H are continuous functions one can choose R. that 
t '(y) s t + ( x )  for each y in this neighbourhood. Thus t+ is discontinuous at x if and 
only if there exists a sequence of points {xi} converging to x such that t'(xj) = m and 
m is less than t+ (x) .  Since H"-'(xj) is in the exit set, H"-'(x) is on the boundary of 
the exit set. Hence H"-'(x) E Sp[a, b] and it follows that x E T"(R).  

Each component of an R-unstable manifold is called a string. The endpoints of 
each string are homoclinic points on the boundary of the resonance zone. Each 
string produces a shower of fragments as it is clipped into pieces by deleting its 
intersection with the exit set, and stretched by applying the transformation f. The 
R-unstable manifold of a saddle point p on the boundary of the zone is constructed 
by successively clipping and stretching the string containing p .  This process is 
illustrated using the Henon map and the resonance zone pictured in figure 1. 

The R-unstable manifold of the saddle point p may be constructed by choosing 
the string K = Up[p, H ( a ) ] ,  applying H to K, and deleting the part of H ( K )  crossing 
the exit set of R to form the set K [l]. Continue this process by defining 
K [ n  + 11 = H ( K [ n ]  - Rout). Then the R-unstable manifold of p is the union of the 
initial segment K ,  and the sets K [ n ]  for n 1. 

The endpoints of each string are homoclinic points and they must belong to one 
of the three segments of stable manifold S, = S,[H(a), H ( b ) ] ,  S, = H(S, )  and 
S, = S,[p, of Other types of strings are ignored. A new symbolic dynamics of strings will replace the 

since 

H(S,)  c &, H(S2) c S, and H(S3) c S,, the forward orbits of string endpoints 
are determined. The fragmentation of strings occurs in the following way. An 
alpha-string which is clipped and stretched breaks into one alpha and one 
beta-string. A beta-string is transformed to a gamma-string. A gamma-string is 
stretched and clipped into two alpha-strings. 

A string population model can be formed by defining a population vector v(n) 
with three components specifying the number of alpha-, beta- and gamma-strings 
present at the nth generation. Then v(n + 1) = d07i96pT where A is the matrix 

The population of fragments of the alpha-string K which form the components of 
the set K [ n ]  is given by A"07i0) where 07i0) is the column vector with entries 1, 0, 0. 
The asymptotic growth rate of the string population is determined by the largest 
positive eigenvalue A of the matrix A. 

A rough estimate of the asymptotic escape rate of entry points from the 
resonance zone is vlwl + v2w, + v3w3 where v = (v,, U , ,  U , )  satisfies the conditions 
Av = Av, and v1 + v2 + v3 = 1. wl, w,, w, are the average fractions (in terms of arc 
length) of strings of type alpha, beta and gamma respectively that are clipped by the 
exit set. 
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Exact calculatiofi of the element P, of the transport sequence {P,} may be done 
as follows. Let KO = U,[b, H(a) ] .  A homoclinic point q E KO is defined to be of type 
n if it is an endpoint of an open sub-interval of K O  on which t+ = n + 1. Define 
q ( q )  = q' provided that q and q' are the endpoints of a sub-interval of KO on which 

= n + 1. Let X, denote the set of type n homoclinic points. The function 'p 
produces a u-pairing of the points of X,. X, is mapped by H" into J, = Sp[a, b]. 
Define the s-pairing of points in X, by W(q) = q' provided H"(q)  and H"(q')  are the 
endpoints of a sub-interval of J, on which t -  = n + 1. Choose a. E A', and form the 
sequence a,, a ,= q(ao) ,  a2= q ( a J  and so on until a2, =a,. The alternating 
sequence of stable and unstable manifold segments joining these homoclinic points 
bounds a set of entry points which exit at time n. The action difference formula (2.4) 
applied to the sequence ao, al ,  . . . , ab gives the measure of this set. The sum of the 
measures of all such sets is P,,. Thus the transport sequence can be calculated by 
knowing the type numbers of homoclinic points, and their pairings as subsets of the 
stable and unstable manifolds. 

4. Discussion 

A theoretical foundation for the study of transport through resonance zones has 
been developed. Resonance zones are carefully defined. The new concepts of the 
internal trellis of a resonance zone, exit times, and entry and exit rainbows were 
introduced. These concepts were illustrated for an area preserving Henon map. The 
MacKay-Meiss-Percival action principle was derived without using a twist condi- 
tion. It was shown that the action principle can be applied to compute areas of 
pieces of entry and exit rainbows and hence to compute transport through a 
resonance zone. 

Numerical methods for computing transport which use resonance zones and the 
action principle can be found in [l] and [2]. These studies are limited to systems with 
two-dimensional phase spaces. There is considerable motivation to develop methods 
which will work both theoretically and computationally in higher-dimensional phase 
spaces. Wiggins [6] has made a start in this direction. Based on the observation that 
the maximal invariant subset of a resonance zone is isolated, it appears that isolating 
blocks as defined in [SI may be useful generalizations of resonance zones in 
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