The fast Gauss transform with complex parameters ™
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to treat the generalized case of Gauss transforms with variable scales, an extension where the widths of the
interaction Gaussians are either source or target dependent.

Fast algorithms for the discrete Gauss transform can be constructed in several ways. In [3] Greengard
and Sun presented a new version based on Fourier techniques instead of the Hermite expansions. The di-
vide and conquer strategy again plays the key role.

Another way of constructing fast Gauss transforms is by means of wavelet expansions using non-stand-
ard forms, cf. [4]. The complexity problems in the straightforward evaluation of the discrete Gauss trans-
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Next we proceed by using the approach for constructing the USFFT details of which are outlined in
Appendix A.)V(Ve introduce (similar to (A.7) and (A.8) in Appendix A.1)
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we rewrite Eq. (3) as
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Changing the order of summation and integration and splitting e s’ we have
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The decay of the Gaussian factor e = allows us to replace the integral over the real line in (8) by that
over a finite inggrval. For accuracy ¢, it is su cient to evaluate the integral (8) over the interval (approxi-
mately) joj < alndeb/m. Since jxj 6 1, we need to construct an accurate approximation of f3p in the
interval
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We make use of the approach discussed in some detail in Appendix A. Let us denote the Gaussian bell
parameterized)tg/ 4>0as y,0xb Yae # its Fourier transform as #3¢p, and define (see also (A.4))
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Using construction in Algorithm 3, we approximate for j 5j6%
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where g, are defined in (A.26) and parameters N and v are described in Appendix A. By choosing N such

that the right-hand side of (9) is less than N/2, we substitute (11) into (8) and obtain the approximation
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Changing the order between the summation and integration in (12) yields
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By using Remark 1 (see Appendix A), we approximate = a,3¢b for j¢j < 1 by a Gaussian. As a result, the
integral in (13) is evaluated analytically; this makes our choice of Gaussians as interpolating functions a

natural one. Namely, we have
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Thus, we obtain
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The structure of expressions in (3) and (15) is quite similar. Both contain a factor that depends on the



relatively many terms in (15). We avoid this problem by dividing the source and target points into boxes
proportional to the size ofpthe interaction region, #.. When scaling such a box to the unit size & 1,7,
the corresponding value of * a is reduced by the same scaling factor. Hence, only values of a up to a certain
number (depending on the desired precision) are needed to be treated.

More specifically, for a given accuracy e, the points x a ected by a source at s;, are the ones for which

b2
e aox sjP 66,

or
d |
. . Ne
JXx sjj6 3
Therefore, we divide the source points into K disjoint boxes C,
s 1| £ 4n 4 0 9 [ ( M 0 - 3 2 1
22






amounts to the matrix—vector multiplication. We also provide timings of the FFT algorithm for
comparison.

We see that the fast algorithm is faster than the explicit direct method even for the low number of sources
and targets. The break-even point between the fast algorithm and the matrix—vector multiplication is at
about N =512. Measured in units of FFTs, the cost of the new algorithm varies from about 30 FFTs
for N =128 to about six FFTs for N = 8192.

For the calculations in Table 1 the scaling and subdivision routines described in Section 3, are not em-
ployed. However, each partition obtained by the subdivision scheme can be dealt with by calculations such
as displayed in Table 1, with a < 138. Therefore, Table 1 displays upper bounds on the necessary compu-
tation time needed to treat each partition obtained from the subdivision scheme.

5. Conclusions



to have a rather large e ective support. The key idea here is to split such an interpolating function into two
parts, one with a relatively small support, applied directly as a convolution, and one complementary part,
applied multiplicatively in the Fourier domain.

More specifically, let
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Application of Parseval’s formula to (A.9) gives
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which, in turn, is written as
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We split the integral over R in (A.10) into a sum over intervals in (A.11), so that for a proper choice of 7,
and j&j su ciently small, 9,0¢b can be kept below desired computational precision, whenever | 8 0, thereby
allowing us to neglect those terms.

Specifically, since the integral of (A.11) represents the coe cients of the Fourier series, it follows that for
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Dividing both sides of (A.13) by pa@éb then gives



Then
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Due to rapid decay of ¢ away from the origin, the dominant part in the error estimateis1  @dxp and the
terms corresponding to | = %1.

Since we are interested in calculating f3¢b for j ¢ j6 8, the parameter o above should be chosen as o ¥4 .
For the oversampling factor v=2, and j ¢ j< % @AEP is equal to one within the double precision and like-
wise, 3¢  1b are zero within the double precision, provided A < 0.14. For 1 = 0.14 the numerical support
of v, is contained in [ 16, 16]. Hence, each projection (A.9) takes on average addition of 33 terms, which

should be compared to 23 if the B-splines are used, cf.



(2) Compute the sum
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by FFT.
(3) Divide F(&) by © a,0&b.

A.2.2. Fast evaluation of the Fourier series at unequally spaced points
We use a duality argument to construct an algorithm for the case where the function samples are known

at uniformly distributed points, and the evaluation is sought at unequally spaced points.
Let us define operator T as
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with F(&) defined by (A.12) and a,(¢) by (A.4). Consider now the problem of evaluating sums
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Inserting (A.19) into (A.20) finally yields
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Note that values of G are needed at points £, To obtain this (oversampled) data, let
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Applying FFT to the sequence fg,gi 1_N gives the desired values féé%bgk.
We summarize these considerations for evaluation of the Fourier series at unequally spaced as

Algorithm 2.

(1) Calculate fg,g as defined by (A.24).
(2) Apply FFT to obtain Go.
(3) Calculate §,,,0P by the sum in (A.23).

A.2.3. Evaluation of unequally spaced FFT at unequally spaced points

We use a combination of the two previous methods for the fast evaluation of (A.14), where both the
spatial points x; 2% 3,1 and frequencies & 2% 4.4 are unequally spaced. This combination is con-
structed by using an intermediate equally spaced samples:

Algorithm 3.

(1) Calculate
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(by including only numerically significant terms in the sum) to obtain an equispaced representation on
P22 . p
(2) Divide by the orthogonalization factor " a;,
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